Performance Analysis of Massive MIMO with Low-Resolution ADCs by Wei, Chao & Zhang, Zaichen
ar
X
iv
:1
71
1.
10
73
9v
1 
 [e
es
s.S
P]
  2
9 N
ov
 20
17
1
Performance Analysis of Massive MIMO with
Low-Resolution ADCs
Chao Wei and Zaichen Zhang, Senior Member, IEEE
Abstract
The uplink performance of massive multiple-input-multiple-output (MIMO) systems where the
base stations (BS) employ low-resolution analog-to-digital converters (ADCs) is analyzed. A high
performance MMSE receiver that takes both additive white Gaussian noise (AWGN) and quantization
noise into consideration is designed, which works well for both cases of uniform resolution ADCs and
non-uniform resolution ADCs. With the proposed MMSE receiver, we then employ the random matrix
theory to derive the asymptotic equivalent of the uplink spectral efficiency (SE) of the system. Numerical
results show the tightness of the asymptotic equivalent of the uplink SE, and massive MIMO with low-
resolution ADCs can still achieve the satisfying uplink SE by increasing the number of antennas at
BS.
Index Terms
Massive MIMO, low-resolution ADCs, MMSE receiver, uplink spectral efficiency, asymptotic equiv-
alent.
I. INTRODUCTION
Massive multiple-input multiple-output (MIMO) has been considered as one of the key en-
abling technologies for 5G wireless communications systems, and thus has recently drawn lots
of research interest. It could bring significant spectral efficiency (SE) and energy efficiency (EE)
gains when the base station (BS) has a large number of antennas [1], [2]. Due to the large
number of antennas at BS, a simple linear receiver can be employed to achieve a high SE, and
the impact of imperfect hardware can also be mitigated. Most of the current works concerning
massive MIMO systems assume each antenna at BS is equipped with a high-resolution ADC.
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2However, high-resolution ADCs can incur substantial power assumption and high-cost hardware
implementation [3], which may be not affordable in practical massive MIMO systems. This
motives us to study the use of low-resolution ADCs to understand their impact on the performance
of the system.
Several recent works have investigated the effects of low-resolution ADCs on the perfor-
mance of massive MIMO systems [4]-[6]. In these works, the effect of low-resolution ADCs
is described by using the additive quantization noise model (AQNM) [4]. Using AQNM, Fan
et al. [5] derive an approximate analytical expression for the uplink achievable rate of massive
MIMO systems over Rayleigh fading channels when low-resolution ADCs and the maximal-ratio
combining (MRC) technique are used at the receiver; Zhang et al. [6] derive tractable and exact
approximation expressions for the uplink SE of massive MIMO systems with low-resolution
ADCs and MRC over Rician fading channels, where both perfect and imperfect channel state
information (CSI) are considered. However, only uniform resolution ADCs and MRC receiver
are considered in [5] and [6], which cannot be applied to analyze the uplink SE performance of
massive MIMO systems with non-uniform resolution ADCs and MMSE receiver. In [7], a mixed-
ADC architecture for massive MIMO systems is proposed, in which the BS antennas are equipped
with both high-resolution ADCs and low-resolution ADCs. Under mixed-ADC massive MIMO
with MRC receiver, the closed-form approximate expressions for the uplink achievable rate are
derived for both perfect and imperfect CSI when the Rician fading channels are considered
[8]. In [9], the asymptotic equivalent of the uplink SE is obtained when non-uniform resolution
ADCs and MMSE receivers are used at the BS of massive MIMO systems. The MMSE receiver
designed in [9] could cause significant SE loss for massive MIMO systems with non-uniform
resolution ADCs. This is because it does not consider non-uniform quantization noise incurred
by non-uniform resolution ADCs.
In this letter, with AQNM, we first design a proper MMSE receiver for the uplink massive
MIMO system with low-resolution ADCs. The proposed MMSE receiver takes both additive
white Gaussian noise (AWGN) and quantization noise into account. It can work well for both
cases of uniform resolution ADCs and non-uniform resolution ADCs. We then derive a tight
asymptotic equivalent of the uplink SE using random matrix theory. Finally, numerical results
are obtained to verify our theoretical analysis.
Notations: Boldface lower and upper-case symbols represent vectors and matrices, respectively.
The N × N identity matrix reads as IN . let XH and tr (X) be the conjugate transpose and trace
3of a matrix X. diag (X) keeps only the diagonal entries of X. A random vector x ∼ CN (m,V) is
complex Gaussian distributed with mean vector m and covariance matrix V.
a.s.−→ denotes almost
sure convergence.
II. SYSTEM MODEL
Consider an uplink massive MIMO system with low-resolution ADCs, where the BS equipped
with M antennas receives signal from K single-antenna users using the same time-frequency
resources. The received signal y ∈ CM×1 at BS can be written as
y =
√
puGx + n, (1)
where pu is the average transmit power of each user, x ∈ CK×1 is the transmit vector for all K
users, and n ∼ CN (0, IM) is the normalized AWGN vector. The input covariance matrix Rx = IK
is assumed. The channel matrix G ∈ CM×K between the BS and all users is given as
G = HD1/2, (2)
where H denotes the small-scale fading channel matrix and D is the K ×K diagonal matrix with
diagonal entries {βk} to model the large-scale fading. Rayleigh fading is assumed here, thus
without loss of generality, the elements of H can be considered to follow distribution CN (0, 1).
As the quantization error can be well approximated as a linear gain with AQNM [4], the
output vector of low-resolution ADCs can be expressed as
yq = Q (y) ≈ Λy + nq = √puΛGx + Λn + nq, (3)
where Q (·) is the quantizer function which applies component-wise and separately to the real and
imaginary parts, and nq is the additive Gaussian quantization noise vector which is uncorrelated
with y. The linear gain matrix Λ is an M × M diagonal matrix with entries {αm}, and the linear
gain coefficient αm = 1 − ρm, where ρm is the inverse of the signal-to-quantization-noise ratio.
Given a fixed channel realization G, the covariance matrix of nq can be written as [5]
Rnq = E
(
nqn
H
q |G
)
=Λ (IM − Λ)diag
(
puGG
H
+ IM
)
.
(4)
4III. ASYMPTOTIC EQUIVALENT OF THE UPLINK SPECTRAL EFFICIENCY
In this section, using random matrix theory, we derive the asymptotic equivalent of the
uplink SE for massive MIMO systems with low-resolution ADCs, when the MMSE receiver
is considered. Here the perfect CSI is known at the BS. First, the proposed high-performance
MMSE receiver is designed as
W = GHΛH
(
ΛGGHΛH + Z + θIM
)−1
, (5)
where Z = 1
pu
R¯nq =
1
pu
Λ (IM − Λ) (putr (D) + 1), and θ = 1/pu. R¯nq is the expectation of
Rnq with respect to G. Thus, we can see that the proposed MMSE receiver can suppress both
AWGN and quantization noise at the same time. This proposed MMSE receiver will be used in
the following analysis. By multiplying W with yq, the quantized output vector is processed as
r =Wyq =
√
puWΛGx +WΛn +Wnq . (6)
The output signal for the kth user can be expressed as
rk =
√
pug
H
k
Λ
HVΛgk xk +
√
pu
∑
i,k
gH
k
Λ
HVΛgixi
+gH
k
Λ
HVΛn + gH
k
Λ
HVnq,
(7)
where V =
(
ΛGGHΛH + Z + θIM
)−1
, gi is the ith column of G and xi is the ith element of x.
The achievable uplink rate of the kth user is thus expressed as
Rk = log2
(
1 +
pu
gH
k
Λ
HVΛgk
2
Ik
)
, (8)
where the variance of the interference-plus-noise term is
Ik = pu
∑
i,k
gH
k
Λ
HVΛgi
2
+ gH
k
Λ
HVΛΛHVΛgk
+gH
k
Λ
HVRnqVΛgk
. (9)
Now the sum uplink SE of the whole system is obtained as
Rsum =
∑
k
Rk . (10)
To obtain the asymptotic equivalent of Rk , we first derive the asymptotic equivalent for the
power of the signal of interest and the three parts of Ik . Then, the asymptotic equivalent of Rk
is given as follows:
5Lemma 1: When M, K → ∞ with fixed ratio, the asymptotic equivalent of the uplink SE in
Eq. (8) is written as
R¯k =
puβk |Γ1 |2
pu
∑
i,k
 11+βiΓ1/M 2βiΓ2 + Γ2 + Γ3 , (11)
where Γ1, Γ2 and Γ3 are calculated as Eqs. (14), (18) and (23), respectively.
Proof: For the signal of interest, using Sherman-Morrison formula, we can obtain
gHk Λ
HVΛgk =
gH
k
Λ
H
(
ΛG−kGH−kΛ
H
+ Z + θIM
)−1
Λgk
1 + gH
k
ΛH
(
ΛG−kGH−kΛ
H
+ Z + θIM
)−1
Λgk
, (12)
where G−k denotes that the kth column of G is removed from G. Through Theorem 1 in
Appendix A, we have
gHk Λ
H
(
ΛG−kGH−kΛ
H
+ Z + θIM
)−1
Λgk
(a)−→ tr
(
βkΛΛ
HV(k)
)
−→βktr
(
ΛΛ
HV
)
a.s.−→ βktr
(
ΛΛ
HS
(
θ
M
))
= βkΓ1, (13)
where (a) follows from Lemma 4 in [10], V(k) =
(
ΛG−kGH−kΛ
H
+ Z + θIM
)−1
and
Γ1 = tr
(
ΛΛ
HS
(
θ
M
))
. (14)
With Eq. (13), the asymptotic equivalent for the power of the signal of interest can be given asgHk ΛHV−1Λgk 2 a.s.−→  βkΓ11 + βkΓ1
 . (15)
For the inter-user interference part, by using Sherman-Morrison formula twice, we havegHk ΛHV−1Λgi2 =  11 + gH
k
ΛHV(k)Λgk
2 ·
 11 + gH
i
ΛHV(ki)Λgi
2
· gHk ΛHV(ki)ΛgigHi ΛHV(ki)Λgk . (16)
Through Theorem 2 in Appendix A, we have
gHk Λ
HV(ki)ΛgigHi Λ
HV(ki)Λgk
(a)−→ tr
(
βk βiΛ
HV(ki)ΛΛHV(ki)Λ
)
−→βk βitr
(
ΛΛ
HVΛΛHV
)
a.s.−→ βk βitr
(
ΛΛ
HS′
(
θ
M
))
= βk βiΓ2, (17)
6where
Γ2 = tr
(
ΛΛ
HS′
(
θ
M
))
. (18)
Thus as M, K → ∞, the asymptotic equivalent of the inter-user interference part is expressed asgHk ΛHV−1Λgi2 a.s.−→  11 + βkΓ1
2 11 + βiΓ1
2βk βiΓ2. (19)
For the Gaussian noise part, again by using Sherman-Morrison formula, we have
gHk Λ
HVΛΛHVΛgi = 11 + gH
k
ΛHV(k)Λgk
2gHk ΛHV(k)ΛΛHV(k)Λgk . (20)
Then, using Eqs. (13) and (17) , the asymptotic equivalent of the Gaussian noise part is expressed
as
gHk Λ
HVΛΛHVΛgi
a.s.−→
 11 + βkΓ1
2βkΓ2. (21)
The quantization noise part contains Rnq that is dependent on the channel matrix G. We use
R¯nq to replace Rnq in g
H
k
Λ
HVRnqVΛgk and the effect of this replacement on the asymptotic
equivalent is negligible. Similar to the derivation of the Gaussian noise part, the asymptotic
equivalent of the quantization noise part is obtained as
gHk Λ
HVRnqVΛgk ≈ 11 + gH
k
ΛHV(k)Λgk
2gHk ΛHV(k)R¯nqV(k)Λgk
a.s.−→
 11 + βkΓ1
2βktr (R¯nqS′ ( θM )) =  11 + βkΓ1
2βkΓ3, (22)
where
Γ3 = tr
(
R¯nqS
′
(
θ
M
))
. (23)
Until now, substituting Eqs. (15), (19), (21) and (22) into Eq. (8) and after some mathematics
manipulations, we can get the Lemma 1. 
Note that Lemma 1 is a general result and an exact asymptotic equivalent of the uplink SE for
both uniform resolution ADCs and non-uniform resolution ADCs in massive MIMO systems.
In addition, our proposed MMSE receiver shows better performances than that in [9], which is
verified in simulation. Furthermore, the closed-form asymptotic equivalent of the uplink SE only
depends on the statistics parameters of the channel that keeps static within a coherence time
7TABLE I
ρ FOR DIFFERENT RESOLUTION BITS b
b 1 2 3 4 5
ρ 0.3634 0.1175 0.03454 0.009497 0.002499
block; therefore it can be readily used to analytically evaluate the effects of low-resolution ADCs,
the number of antennas M , and the transmit power pu on the considered system’s performance.
IV. NUMERICAL RESULTS
This section provides numerical results to verify Lemma 1 in Sec. III. Consider a hexagonal
cell with a radius of 1000 meters. User locations are generated independently and randomly in
the cell by following uniform distribution, but the distance between each user and the BS is at
least 100 meters. The path loss is expressed as r−vn , where rn is the distance from the nth user
to the BS and v = 3.8 is the path loss exponent. Shadowing is modeled as a log-normal random
variable sn with a standard deviation of 8dB. Thus the large-scale fading can be expressed as
βn = sn(rn/rmin)−v . The resolution of ADCs is b = 1 ∼ 3 bits, and the values of ρ are listed in
Table I for b ≤ 5 bits.
In Fig. 1, the simulated uplink SE along with the derived asymptotic equivalent in Lemma
1 are plotted against the user power pu. The number of antennas M is set as 60 and 120. The
number of users K is 8. The resolution bits of each ADC is selected with equal probability over
b = 1 ∼ 3 bits. The simulated uplink SE from [9] is included for comparison. It is observed that
the derived asymptotic equivalent of the uplink SE matches very well with the simulation results
for the two different numbers of antennas M and for all cases of the user power pu. As the user
power pu increases, our proposed MMSE receiver shows a much better performance than that
proposed in [9]. This is because, when the user power pu is high, the quantization noise becomes
dominant than AWGN; our proposed MMSE receiver can suppress the quantization noise and
AWGN at the same time, while the proposed MMSE receiver in [9] can just suppress AWGN.
It is also observed that as the user power pu increases, the uplink SE is saturated, because the
power of quantization noise scales up with the user power pu, as shown in Eq. (4).
Fig. 2 shows the uplink SE versus the number of antennas with uniform-resolution ADCs
as 1, 2, infinite bits. The number of users is 8. We can see that, in all cases of the number of
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Fig. 1. Simulated and analytical SEs of massive MIMO with non-uniform resolution ADCs versus the transmit user power pu .
antennas, the simulation results match very well the analytical results. With only 2 bits, the SE
nearly approaches that with ideal ADCs (infinite resolution). For fixed values of pu, all curves
grow without bound as M increases, while for variable values of pu = Eu/M , the corresponding
curves eventually saturate as M increases. Note that Eu is set as 30dB.
V. CONCLUSION
In this paper, AQNM is used to model the effect of the low-resolution ADCs. Based on the
AQNM, we propose a high-performance MMSE receiver for massive MIMO systems with low-
resolution ADCs, which can suppress both AWGN and quantization noise at the same time. Using
the proposed MMSE receiver and random matrix theory, we derive the asymptotic equivalent of
the uplink SE. Numerical results show that the asymptotic equivalent is very tight. Moreover,
the loss of the uplink SE brought by the low-resolution ADCs can be compensated by increasing
the number of antennas at BS.
APPENDIX A
Theorem 1 ([10]): Let U ∈ CM×M and Z ∈ CM×M be Hermitian nonnegative definite and
H ∈ CM×K be random with independent columns hk ∼ CN
(
0, 1
M
Rk
)
. Assume that U and
Rk (k = 1, 2, . . . , K), have uniformly bounded spectral norms (with respect to M). Then when
M, K → ∞ with fixed ratio and any ρ > 0,
1
M
tr
(
U
(
HHH + Z + ρIM
)−1)
− 1
M
tr (US (ρ)) a.s.−→ 0,
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Fig. 2. Simulated and analytical SEs of massive MIMO with uniform-resolution ADCs versus the number of antennas M.
where S (ρ) =
(
1
M
∑K
k=1
Rk
1+δk (ρ) + Z + ρIM
)−1
and δk (ρ) is defined as δk (ρ) = limt→∞δtk (ρ),
k = 1, . . . , K , where
δ
(t)
k
(ρ) = 1
M
tr
©­«Rk
(
1
M
K∑
i=1
Ri
1 + δ
(t−1)
i
(ρ)
+ Z + ρIM
)−1ª®¬ ,
for t = 1, 2, . . . , with initial value δ
(0)
k
= 1/ρ for all k.
Theorem 2 ([10]): Let Θ ∈ CM×M be Hermitian nonnegative definite with uniformly bounded
spectral norm (with respect to M). Under the same conditions as in Theorem 1,
1
M
tr
(
UA−1ΘA−1
)
− 1
M
tr (US′ (ρ)) a.s.−→ 0,
where A = HHH + Z + ρIM and S
′ (ρ) ∈ CM×M is
S′ (ρ) = S (ρ)ΘS (ρ) + S (ρ) 1
M
K∑
k=1
Rkδ
′
k (ρ)
(1 + δk (ρ))2
S (ρ).
10
S (ρ) and δk (ρ) are defined in Theorem 1. And δ′ (ρ) = [δ′1 (ρ) , . . . , δ′K (ρ)]T is calculated as
δ′ (ρ) = (IM − J (ρ))−1v (ρ), where
[J (ρ)]kl =
1
M
tr(RkS(ρ)RlS(ρ))
M(1+δl(ρ))2
, 1 ≤ k, l ≤ K
[v (ρ)]k = 1M tr (RkS (ρ)ΘS (ρ)) , 1 ≤ k ≤ K .
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